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ABSTRACT: In this article, we develop a series of hierarchical mode-coupling
equations for the momentum cumulants and moments of the density matrix for a mixed
quantum system. Working in the Lagrange representation, we show how these can be
used to compute quantum trajectories for dissipative and nondissipative systems. This
approach is complementary to the de Broglie-Bohm approach in that the moments
evolve along hydrodynamic/Lagrangian paths. In the limit of no dissipation, the paths
are the Bohmian paths. However, the “quantum force” in our case is represented in
terms of momentum fluctuations and an osmotic pressure. Representative calculations
for the relaxation of a harmonic system are presented to illustrate the rapid convergence

of the cumulant expansion in the presence of a dissipative environment.
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Introduction

O ver the past few years, there has been an
tremendous surge of interest in developing
new methods for quantum dynamics based upon
hydrodynamic representations. Many of these [1-9]
are based upon the de Broglie-Bohm (dBB) [11-17]
description of quantum mechanics, semiclassic Li-
ouville space representations [18], or semiclassic
initial value representations [19, 20]. One potential
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advantage to be gained is the development of adap-
tive grids [21] and systematic partitioning between
quantum and classic variables.

In this article, we develop a hydrodynamic mo-
ment expansion for the quantum density matrix. In
what follows, we show that each term in the series
expansion of the density matrix about the diagonal
can be related term by term to a corresponding
moment of the momentum space distribution of the
Wigner function. Moreover, the time—evolution of
each of these moments follows directly from the
time-evolution of Wigner function. This leads to an
infinite hierarchy of equations in which the evolu-
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tion of the nth-order moment depends upon the
spatial derivative of the (n + 1)th moment [22, 23].
In general, there is no closure relation for this hier-
archy. However, we show that in the presence of an
environment the hierarchy can be rapidly truncated
to include only second-order cumulant terms. Fur-
ther, this truncation becomes exact in the classic
limit.

Theoretical Development

QUANTUM MODE COUPLING EQUATIONS

To begin, we write the density matrix, p(x, y), in
terms of relative variables, g = (x + y)/2 and z =
(x — y), corresponding to diagonal and off-diagonal
matrix elements. In this relative coordinate frame,

p(g, z) = P(x +y/2)P*(x —y/2). (1)

In what follows, we will derive a hierarchy of equa-
tions of motion for a particle and its hydrodynamic
moments. These moments are defined in terms of
the Taylor expansion coefficients of p(g, z) in the
z-direction [22, 23]:

pg =3 @ e (@)

n

Because p can also be written in terms of the Wigner
distribution

p(q,z) = f W(p, g)e?='"dp, (3)

the nth term in the Taylor expansion is related to
the nth moment of the corresponding momentum
distribution given by W(p, g):

(02p(q, 2)).=0 = (;) f P"W(p, 9)dp.  (4)

Thus, the Taylor series can be recast as an expan-
sion in terms of the momentum moments of the
Wigner function.

n!
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n

Moreover, the time—evolution of these moments
can be generated from the time-evolution of the
Wigner function [22]:

where QW represents a inhomogeneous quantum

mechanical addition to the Liouville equation for a
classic phase-space distribution.

2R\ 1 82k+1v(q) g2+
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The method of moments [24] provides a straight-
forward procedure for determining the evolution of
the momentum moments. Thus, multiplying both
sides of Eq. (6) by p" and integrating over just
momentum we can easily find [22]
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where (};,) is the binomial coefficient. Working
through the first few equations of motion, one finds
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dyp.
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, hz (3) aqp4
dips = =3pV'(q) + 5 pV(g) —— =, (12)

and so forth.

The first few terms in this hierarchy carry obvi-
ous physical interpretations. For example, Eq. (9) is
the continuity equation because we can write p; =
p(q)py/m as the current density, j(q), and p, = p(q) is
the probability density at a given point, g. What we
have is an infinite hierarchy of equations with the
evolution of each moment depending upon the next
higher moment. To use this description, we would
have to develop a series of approximations to trun-
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cate the hierarchy or limit ourselves to potential
surfaces that can be described (at least locally) by
low-order polynomials. Moreover, the equations
are nonlocal because they involve spatial deriva-
tives. If we discretize the spatial grid, then nonlo-
cality enters through the coupling between the mo-
ments at one point with the next higher moments at
the neighboring points. The origin of this nonlocal-
ity can be traced to the kinetic energy term in the
Hamiltonian—much like the origins of the quan-
tum potential in the dBB description. Numerical
implementation of this approach as it stands would
be extremely sensitive to rapid variations in higher-
level moments. Consequently, the long-time stabil-
ity would be compromised by potentially un-
damped oscillations in the highest-order moments.
We need to be able to incorporate the influence of
higher moments into the dynamics of the particle.

Faced with this, we turn to a cumulant generat-
ing procedure, using

G(q, z) = log p(g, 2) (13)

to generate the connected terms in the momentum
distribution via

(14)

Using this definition, it is straightforward to com-
pute the momentum cumulants and their time de-
rivatives.

Because G(g, z) is a complex function, we can
perform a Taylor series expansion about z = 0:

G, 2) =2 % (g(’”(q) + ;Sm)(q))- (15)

n=0

A series expansion of p about z = 0 yields
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Comparing Eq. (16) term by term with Eq. (2) yields
for the first momentum moments expressed in

terms of the momentum cumulants. The first few of
these read

po = p(q), (17)
p1=p(q)p(q), (18)
p2 = p(q)(p(q)* — B°¢2(g)), (19)

ps = p(q)(p(q)* — 3k*p(9)g?(q) — h?*S®(g)), (20)

where S"(q) = (925),—, and g"(q) = (92g).—o de-
note the derivatives of S and g with respect to z. The
first term [Eq. (17)] is obviously the probability
density at the point 4. In the next term, we identify
p(q) = (9.5).—0 = S(l)(q) as the canonical momentum
of a particle at point g [11]," thereby relating p, to
the current density at a given point. The third term,
p, in Eq. (19), is related to the kinetic energy density
at q, T(q) = p,/2m. This can be decomposed into
two terms, the first associated with the actual mo-
tion of the particle, Touon = P(9) p*(9)/ 2m along the
trajectory mq = p(q) and a second related to the
“localization” energy determined by coherence
length of the quantum particle.

We can also derive physical meaning from in the
cumulants. For example, the second cumulant, g(z),
can be written as

1 (paq) (Pl(Q)>2>
(2) - — | =
§7 h (Po(ﬂ) poq)) ) (21)

Thus, ¢® represents the fluctuations in the kinetic
energy when the system is in the state, |¢). The total
time derivative is then

—hd,g? = ey P2~ (pz) g p(@) = 2p(g)d,p(q)
' p(q) "2 \p(g)) p(g) " U
(22)

We can now derive the Lagrangian equations of
motion for the moments in terms of the cumulants.
The first term is the continuity equation:

po 9p(q)
¢m=—i3;- (23)

"Note that this is similar to the definition of momentum
along the diagonal we gave in Ref. [11] with the sign change
coming about due a slight difference in the definition of the
off-diagonal and diagonal coordinates. Here: z = x — y and q =
(x +y)/2and in Ref. [11]: z = (y — x)/V2 and g=(x+ y)/\ﬁ.
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The second term gives the equations of motion for
the Lagrangian particles:

V. R 9 o
dp = _@ijipoaiq(g Po)
oV K2 (ag<2> 1 8p0>
=+ (4@ 24
aq  m\ oq po 99 24

The last term on the right side of Eq. (24) is the
quantum force, now written solely in terms of the
second momentum cumulant and the density at a
given point, g. The first term in the quantum force

1
dg¥ = — - (0,5 + SV9,g)

hZ
dis" = =V + (9,87 + g%a,8")

depends upon the local curvature of the density
matrix in the z direction and how that curvature
changes with respect to 4. For a postdecoherent
system, where the density matrix has been approx-
imately diagonalized due to its interaction with an
environment, g is constant in time and is expected
to show little variation with respect to 4. The second
term is an osmotic force [26] and depends upon the
local shape of the density matrix about a given
trajectory.

To complete our derivation of the equations of
motion, we can use Egs. (23) and (24) to write the
time derivatives of the cumulants as

1 2
dg® = — - (9,8% + §99,6) — - §29,80

2

1

3 h
dts(3) - _ V(3) _ E S(B)qu(l) + E (g(‘l)aqg(o) + 38(2)5q8(2) + aqg(‘l))

4
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dth)enn — % an(n+l) _ % E (k)Q(n 2k+1)6qQ(k)
k=0

1 h
dQuan =~ VO 9,Q" " =

where Q" represents g" when 7 is even and S
when 7 is odd. For comparison, let us consider the
case of a coherent state in a harmonic oscillator
well. Here, ¢'¥ = —ma/ 2h, resulting in a quantum
force

Fo=ma*(q — q(t)), (25)

where g(t) = g,cos(wt) is the trajectory followed by
the centeriod of the Gaussian. Thus, for an arbitrary
trajectory

p(t) = —ma’gecos(wt), (26)

q(t) = p(t)/m. (27)

Plots of these trajectories are shown in Figure 1 and
we note immediately that these are identical to the
Bohm trajectories for this system [3, 13].

m

S (- 1)kh(1+<—1)k(’;> QU b,

For a stationary system, the potential force and
the quantum force must be in balance, so again

DY
AAVIAVUN AN Y
R R R RN
RN Vi

FIGURE 1. Coherent state trajectories for a harmonic
oscillator. The solid curve corresponds to the trajectory
followed by the peak of the coherent state.
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assuming that decoherence is rapid relative to re-
laxation we can ignore the curvature force and re-
quire

2
_ﬂ/+ig(z)%:
ag m aq

0. (28)

At thermal equilibrium, where the quantum den-
sity matrix can be approximated via the classic
density matrix,

log polg) = ﬁ V= -V@/kT.  (29)

Thus, at thermal equilibrium, we have a classic
limit estimate for ¢'*;

mkT

8§ =" (30)

Thus, we can formulate a simple semiclassic for-
malism for incorporating rudimentary quantum
mechanical effects such as barrier penetration and
zero-point motion by running an ensemble of tra-
jectories where the motion of the particles is given

by

(31)

aV d log py
dtpsc = - .

7 iq

Thus, the system and particles become stationary
when log p, = —V/kT. This may seem like a circular
tautology, but it points out the significant role that
the quantum force plays in the dynamics of the
particles. As shown in the next section, similar
equations arise when the system is placed in contact
with a thermal bath.

In essence, this analysis provides a more gener-
alized description of quantum dynamics than the
original Bohmian description. From a computa-
tional viewpoint, these equations are considerably
simpler to implement because the quantum force
involves only log-derivative of the density, as op-
posed to third-derivative of Vp, as in the original
dBB equations of motion:

o1

@B _ "~ Y " w2
F 2m o \/@ Vi vPo- (32)
The mode equations introduced and described here
should not exhibit the same instabilities near nodes

as encountered in previous quantum trajectory
methods. Moreover, as we have indicated, one can
make a rapid-decoherence approximation and ob-
tain equations of motion for thermal trajectories in
an arbitrary system.

Dissipative Systems

The theory of dissipative quantum systems
reaches across broad areas of physics and the liter-
ature is vast. Model systems include nonadiabatic
electronic relaxation and proton transfer in biomol-
ecules. In each area, the question is how does a bath
of oscillators influence the dynamics of a few im-
portant degrees of freedom, such as a tagged oscil-
lator, a spin state, or an excess electron. For a classic
system, coupling to a thermal bath causes an initial
displacement from equilibrium to relax back to
equilibrium at a rate depending upon the power
spectrum of the coupling between the system and
the bath and the temperature of the bath (popula-
tion relaxation). For a quantum system, interaction
between the system and the bath causes the sys-
tem’s wave function to lose phase information as
well, that is, a coherent superposition state evolves
into a statistical mixed state as a function of time
due to its contact with the bath. The information in
the phase is lost to the bath as the system “deco-
heres.”

Quantum decoherence is a central issue in the
theory of measurement. It has also received consid-
erable attention in conjunction with macroscopic
quantum systems, such as SQUIDs, quantum com-
puting, coherent control theory, and the emergence
of time in quantum cosmology. Moreover, it ap-
pears to play a central role in nonadiabatic transi-
tion rates between electronic states in molecules by
reducing or increasing the transition rate depend-
ing upon the particular system. It is also an impor-
tant consideration in the design and implementa-
tion of quantum control and quantum computing
schemes, where the inevitable contact with an ex-
ternal environment destroys the quantum superpo-
sition states in the qubit logic elements and thus
prevents the qu-puter from functioning as ex-
pected.

For a classic system, the motion of a Brownian
particle is well known and can be described phe-
nomenologically at least by the Langevin equation:

mi + yq + V'(q) = F(t), (33)
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where F(t) is a fluctuating force that is assumed to
have zero mean (F(f)) = 0. In the case where the
environment retains no memory of its previous in-
teraction with the system, the correlation function
for the random force is given by

(F(t) F(0)) = 2ykT5(t). (34)

If we consider the distribution of all possible trajec-
tories, one is led to the Kramer-Moyal equation:

aP(q,p,t)_ ] a

2

m a d
+E@(pP) +D8Tj2P, (35)

where D = vkT/m? is the diffusion constant. Be-
cause no Hamiltonian or Lagrangian description is
possible for systems with dissipation, standard
quantization procedures fail. However, a perhaps
overly naive approach using the correspondence
principle leads to a master equation of the form

. dp Y ,
i =[H, p]+ 5 [x, {p, p}] —iAlx, [x, p]],

(36)

which is the Caldeira-Leggett master equation ob-
tained using a path-integral description of a particle
coupled to a bath of harmonic oscillators. Here, 7 is
the viscosity, y = m/m is the kinetic energy relax-
ation rate, and A = ymkT is the localization or
decoherence rate. This equation is not completely
adequate because it does not preserve the positivity
of the density matrix. Nonetheless, it does provide
a reasonable description at high-temperature where
kT is greater than the level spacing of the system in
the absence of the coupling to the environment. The
first term in the CL equation gives the unitary evo-
lution of the system in the absence of the environ-
ment. The second two introduce nonunitary evolu-
tion and are responsible for dissipation and
decoherence, respectively. Taking the Fourier trans-
form yields the time—evolution of the Wigner func-
tion.

oW )
i = ({H, W} + QW + y9,(pW) + A5 W).

(37)

Consequently, the nonunitary part of the evolution
of the moments is determined by the following
integrals:

o0 a o0
ﬂ/f P”@ (pW)dp = vf (p""'W, + p"W)dp

= —nYyp, (38)

and

© 92 n
AJ p"apzwtip=2!A< ’ >pn_2. (39)

Thus, the nonunitary contribution to the nth mo-
ment reads [23]

d:an = n(_'ypn + APn—z)- (40)

The continuity equation is unaffected so as to pre-
serve norm and the momentum term picks up a
friction term:

vV R 9

dip = (g

- (2) _
aq + mpo 9q Po) — YP- (41)

Taking the classic limit of # — 0 yields the Ehernfest
relations for a particle approaching thermal equi-
librium:

diq(t) = p(q)/m

dip(q) = —<9,V) — yp(b). (42)

Decoherence enters in at the second term:

4",

_2(')’Pz - APO)
—2(y(p(q)* — h’g?(q)) — Mp(q)

—2 (pqf — Wg(q) — mkTIpl)  (43)

and corresponds to relaxation of the total kinetic
energy (including the curvature term) to its thermal
equilibrium value.

Armed with the time derivatives of the first few
moments, we can readily evaluate the dissipative/
nonunitary part of the time evolution of g. Sub-
stituting Eqs. (43) and (42) into Eq. (41) above and
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keeping only the dissipative parts yields a relax-
ation equation,

dg®? A
— oo

relax

which is trivial to solve

kT
g = =" +eP0.  (45)

Clearly, as t — o we recover the ansatz we made
above and hence the classic statistical distribution.
What is totally surprising is the absence of an ex-
plicit temperature dependence on the relaxation
rate of ¢ under this approximation. Here, the rate
constant for ¢'» is simply v, the rate at which the
kinetic energy relaxes to its thermal equilibrium
expectation value. Quantum decoherence, which is
associated with the relaxation of the off-diagonal
elements of the density matrix, is expected to have
a relaxation rate proportional to the localization
rate, A, and hence carry an explicit temperature
dependency. Clearly, further investigations into the
nature of decoherence in the context of these mode-
coupling equations is warranted.

The time-evolution for the modes can be easily
calculated for the relaxation of a Gaussian density
matrix in a harmonic well [11]. In this particular
case, in fact, only p(q) and ¢*® appear because the
relaxing density matrix retains its Gaussian form. In
Figures 2 and 3, we have plotted ¢ and the root
mean square (RMS) deviation of the population

: t
0.2 0.4 0.6 0.8 1

FIGURE 2. Relaxation of g® cumulant for a Gaussian
density matrix in a harmonic well for two different tem-
peratures. The various curves correspond to under-
damped (solid), overdamped (- - -), and critically (- - - -
-) damped cases.

FIGURE 3. Relaxation of the mean-square deviation
of the width of the density matrix about its mean value
for a Gaussian density matrix in a harmonic well for two
different temperatures. The various curves correspond
to underdamped (solid), overdamped (- - -), and critically
(=-=-- ) damped cases.

about its mean for the overdamped, underdamped,
and critically damped cases at two temperatures
(Thigh = 5hw/2kT and T, = 3hw/2kT). Figure 2
shows the expected rapid relaxation of the momen-
tum cumulant to its equilibrium value. Thus, the
process of decoherence can be interpreted as the
relaxation of the kinetic energy fluctuations to their
equilibrium values. The mechanical component of
the relaxation process occurs on a slower time-
scale, entirely governed by the friction coefficient,
v, independent of the temperature. On the other
hand, the relaxation rate of ¢® is temperature de-
pendent. Lastly, in Figure 4 we show the linear
entropy of the Gaussian system via

S = —Tr(plog p).

Discussion

In this article, we laid the formal groundwork for
the development of a novel hydrodynamic method
for propagating the quantum density matrix based
upon its momentum cumulants and moments.
While we have not presented any explicit numerical
calculations based upon this method, this is cer-
tainly the direction in which we are headed and the
procedure is exact and should be readily imple-
mented. As noted above, the procedure has certain
distinct advantages over the Bohmian formulation
in that the basic equations of motion involve low-
order derivatives of the probability density, the
momentum field, and its associated moments. As
usual, there is no such thing as a free lunch. The
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!
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FIGURE 4. Linear entropy evolution for tagged oscil-
lator for high- and low-temperature cases.

price we pay is that we have a hierarchy of mo-
ments, which is not closed. However, in the pres-
ence of dissipation, all of the modes are damped
and only the second cumulant, g(z), has a nonzero
equilibrium value in the high-temperature limit.

Using this approach, one can develop systematic
quantum/classic schemes that incorporate quan-
tum nonlocality and kinetic energy fluctuations into
the classic equations of motion. For example, the
classic/thermal limiting equations of motion, Eq.
(31), one can incorporate “kinetic” or activated tun-
neling dynamics into a classic calculation.

Finally, the mode analysis procedure may be
useful in reconstructing the quantum density ma-
trix and wave function from experimental data, as
originally suggested by Johansen [22]. Indeed, var-
ious experimental and theoretical schemes [29] for
doing this have been proposed using homodyne
tomology [30] to reconstruct the quantum state of
the radiation field and material particles. What we
have shown here is that the cumulants can be writ-
ten easily in terms of the moments, allowing one to
reconstruct the Wigner distribution or the density
matrix using a relatively few number of connected

terms; and, once the effects of the environment are
considered and decoherence occurs the second-or-
der term in the cumulant expansion of the momen-
tum space distribution will rapidly dominate.

This approach also points the way toward sys-
tematically incorporating quantum effects such as a
dynamic tunneling and zero-point motion into mul-
tidimensional classic MD or Monte—Carlo simula-
tions. The method we envision entails discretizing
the classic phase space into cells, computing the
moments from the classic distribution, and using
the moments to provide an auxiliary quantum po-
tential to propagate a swarm of trajectories.
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